
AIAA JOURNAL

Vol. 39, No. 7, July 2001

Higher-Order Characteristics-Based Method for Incompressible
Flow Computation on Unstructured Grids

Yong Zhao¤ and Chin Hoe Tai†

Nanyang Technological University, Singapore 639798, Republic of Singapore

An algorithm for numerical simulation of incompressible � ows on three-dimensional unstructured grids is
presented. It is an upwind � nite volume method based on the method of characteristics, which is made possible
with the introduction of Chorin’s arti� cial compressibility formulation (Chorin, A., “A Numerical Method for
Solving Incompressible Viscous Flow Problems,” Journal of ComputationalPhysics, Vol. 2, No. 1, 1967, pp. 12–26).
Flow variables are calculated alongcharacteristics, and their initial values are interpolated based on the signs of the
corresponding characteristics. In addition,an upwind-biased interpolation method of third-order accuracy is used
for interpolating � ow variables on unstructured grids. With these inherent upwinding techniques for evaluating
convection � uxes at control volumesurfaces, no arti� cial viscosity is required. The discretized equations are solved
by an explicit multistage Runge–Kutta time-stepping scheme, which is found to be ef� cient in terms of CPU and
memory overheads. A computer code has been developed using the numerical methods presented. A number
of test cases, including two-dimensional/three-dimensional inviscid and viscous � ows, have been calculated to
validate the code and to evaluate the performance of the numerical algorithm. Numerical results obtained are in
good agreement with exact solutions and other published experimental/numerical results. The convergence rate of
numerical simulation is generally found to be satisfactory. The third-order characteristics-based scheme is found
to be more accuarate than the second-order central scheme.

I. Introduction

O VER the past decade, both computational � uid dynamics
(CFD) algorithm and computer hardware technologies have

been developingat a fast pace. Structured-gridsolvers have reached
a certaindegreeof maturity, and dramatic improvementin algorithm
ef� ciency is unlikely.In recentyears, considerableadvancementhas
been achieved in the development of numerical methods to predict
� ows around complex geometrieson unstructuredgrids. Compared
with its structured counterpart, the unstructured-gridmethod offers
two main advantages:1)Unstructuredgrids canbe generatedaround
highly complex geometries automatically with much less worker
hours compared with the structured grid method. 2) Solution adap-
tionof gridscan be easilyimplementedinto the solver(seeRef. 1, for
example). These are important features that are very useful when
applying CFD to industrial � ow problems because generation of
structured grids over a complex geometry can take several months,
whereas running the solver takes just a small fraction of that time.
However, the unstructured-gridmethod also has its own drawbacks,
which include relatively low accuracy, low ef� ciency,and excessive
memory requirementsdue to the random natureof its data structure.

Traditional � nite volume or � nite difference incompressible� ow
solvers are typically based on the pressure correction scheme on
structured grids.2 The arti� cial compressibility method of Chorin3

can be considered as an alternative, among others. In this method,
a pseudotime derivativeof pressure is added to the continuity equa-
tion, thus turning the system of governingequations into hyperbolic
ones (viscous terms are excluded). Therefore, the pressure � eld is
closely coupled with the velocity � eld at the same time level. With
time marching, the arti� cial waves created are used for propagating
information throughout the solution domain and driving the diver-
gence of velocity to zero. This approach has been used successfully
by some researchers.1;4¡9 Among them, Farmer et al.8 and Chen and
Kallinderis1 have used a central scheme with arti� cial viscosity to
prevent the pressure–velocitydecoupling.Althoughthis approachis
relativelysimple, one has to face the task of adjustingcoef� cients in
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the arti� cial viscosity terms to obtain stable results while minimiz-
ing the contaminationof unphysical arti� cial viscosity. Rogers and
Kwak5 used a Roe-type upwindingscheme with a simple averaging
of the left and right variableson a body-� tted grid system. The Jaco-
bian matrix and left and right eigenvectors,as well as the associated
metric coef� cients, are quite complex. Recently, this has been ex-
tended to three-dimensionalunstructured-gridsolvers by Anderson
et al.10

In this study, a different upwind method for calculating incom-
pressible � ows is developedbased on the method of characteristics.
Traditionally, the method of characteristics is used primarily for
compressible � ow calculations.11 However, with the introduction
of the pseudotime derivative in Chorin’s formulation,3 it is possible
that the incompressible equations can also be solved by a simi-
lar method of characteristics. This idea was tested in Ref. 12 in
the solution of the two-dimensional incompressible � ow equations
cast in a curvilinear coordinate system for structured grids. Based
on this idea, a high-order upwind method has been developed to
calculate three-dimensional incompressible � ows on unstructured
tetrahedral grids. It is shown that this method is mathematically
simpler than the Roe-type method and can be readily applied to
arbitrary three-dimensional unstructured grids in the � nite volume
framework, together with high-order schemes such as the upwind-
biased interpolation. A computer code has been developed using
the numericalmethods presented.A number of test cases, including
two-dimensionaland three-dimensionalinviscid and viscous � ows,
have been calculated to validate the code and evaluate the perfor-
mance of the numerical algorithm. Numerical results obtained are
in good agreement with exact solutions and other published results
and measurements. Convergence is found to be satisfactory for all
cases studied. The third-order characteristics-based scheme is also
found to be less diffusive that the second-ordercentral scheme with
arti� cial viscosity with a very small coef� cient.

II. Governing Equations
The Navier–Stokes equations for incompressible � ows are de-

rived from the conservation laws of mass and momentum. The
Navier–Stokes (NS) equations modi� ed by the arti� cial compress-
ibility method can be expressed as

@W
@ t

C r ¢ Fc D r ¢ Fv (1)
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where

W D
p

U
; Fc D

¯U

UU C p±i j
; Fv D

0

¿i j

where W is the vector of dependentvariables,U is the velocity vec-
tor, and i and j D 1; 2, and 3. Fc and Fv are the convective � ux and
viscous � ux vectors,¯ is a constant called arti� cial compressibility
whose value affects the solution convergenceto steady state, and p
denotes pressure in the � uid. The viscous stress tensor is given in
the following:

¿i j D 1
Re

@u i

@x j
C

@u j

@xi

(2)

where Re is the Reynolds number.
The preceding equations are actually written in nondimensional

form based on the following scaling:

.x; y; z/ D
x¤

l¤ ;
y¤

l¤ ;
z¤

l¤ ; t D
t¤

l¤ U ¤
1

.u; v; w/ D
u¤

U ¤
1

;
v¤

U ¤
1

;
w¤

U ¤
1

; p D
p¤ ¡ p¤

1

½1 U ¤
1

2
(3)

where l¤ denotes a reference length, superscript ¤ indicates dimen-
sional quantities, and subscript 1 indicates freestream conditions.

III. Solution Algorithm
A. Finite Volume Method

Equations (1) are discretizedon an unstructured tetrahedral grid.
A cell-vertexscheme is adoptedhere, that is, all computedvariables
in vector W are stored at vertices of the tetrahedral cells. For every
vertex, a control volume is constructedusing the median dual of the
tetrahedral grid, as shown in Fig. 1.

Spatial discretization is performed by using the integral form
of the NS equations over the control volume surrounding node or
vertex p:

@

@t
cv

Wp dv C
cv

r ¢ Fc dv D
cv

r ¢ Fv dv (4)

The convection term is transformed to introduce the upwind
scheme using an edge-based procedure:

cv

r ¢ Fc dv D
Scv

Fc ¢ n ds D
n edge

n D 1

[.Fc/i j ¢ n1S]n

where 1Sn is the part of control volume surface associated with
edge n (similar to edge P A as shown in Fig. 2).

The viscous term is calculated in a cell-based method:

cv

rFv dv D
Scv

Fv ¢ ds D
n cell

i

.Fv ¢ 1Sc/i

1Sci is the part of control volume surface in cell i (represented by
Ci j in Fig. 1). By the use of the relation

s

dS D 0 (5)

Fig. 1 Portion of a control volume within a tetrahedron for a node P.

Fig. 2 Control volume surface and the associated edge.

the total vector surface of the control volume in a cell i becomes

1Sci D 1
3
1Spi

Thus, the calculation of viscous terms can be simpli� ed as

Scv

Fv ds D
n cell

i

.Fv ¢ 1Sc/i D 1
3

nb cell

i

.Fv ¢ 1Sp/i

1Spi is the surface vector of the face oppositenode p of the tetrahe-
dron under consideration.Here the .Fv/i is calculated at the center
of the tetrahedron with a vertex p, which can be obtained by using
Green’s theorem based on the variables at the four vertices of the
tetrahedron.Similar to the Galerkintypeof formulation,thegradient
of a � ow variable Á, at the center of a tetrahedron is

grad Ác D ¡
4

i D 1

Ái 9Si 27V D ¡
1

3

4

i D 1

Ái Si V

where Ái is the � ow variable at a vertex i of the tetrahedron and
Si is the surface vector that is opposite to node i . V is the volume
of the tetrahedron. Gradients at vertices are obtained by a volume
averaging of the gradients at centers of cells associated with the
vertex under consideration,as shown in Ref. 13.

B. Upwind-Biased Interpolation
Here, an edge-basedmethod of calculating the total inviscid � ux

is adopted by calculatingand storing the � ux integrals based on the
edges. Such a treatment leads to higher ef� ciency in computation
and reduced data storage requirements.

The left and right state vectors WL and WR at a control volume
surface are evaluated using a nominally third-order upwind-biased
interpolation scheme. If the left and right state vectors are set to Wi

and W j (i and j correspondingto the two ends of an edge, for exam-
ple, P and A as shown in Fig. 2), it is a � rst-order upwind scheme:

WL D Wi C 1
4

.1 ¡ ·/1¡
i C .1 C ·/1C

i

WR D W j ¡ 1
4 .1 ¡ ·/1C

j C .1 C ·/1¡
j

Here

1C
i D W j ¡ Wi

1¡
i D Wi ¡ Wi ¡ 1

D 2ij ¢ rWi ¡ .W j ¡ Wi /

D 2ij ¢ rWi ¡ 1C
i

1¡
j D W j ¡ Wi D 1C

i

1C
j D W j C 1 ¡ W j

D 2ij ¢ rW j ¡ .W j ¡ Wi /

D 2ij ¢ rW j ¡ 1¡
j
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Therefore,

WL D Wi C 1
2 .1 ¡ ·/ij ¢ rWi C ·1C

i

WR D W j ¡ 1
2 .1 ¡ ·/ij ¢ rW j C ·1¡

j

where · is set to 1
3
, which corresponds to a nominally third-order

accurate scheme.

C. Upwind Characteristics Method
The Euler equationsmodi� ed by the Chorin’s method3 are rewrit-

ten in partial differential form in a Cartesian coordinate system for
the derivation of the method of characteristics:

@p

@t
C ¯

@u j

@x j
D 0;

@ui

@ t
C u j

@ui

@x j
C u i

@u j

@x j
C @p

@xi
D 0

Here, subscripts i and j equal 1, 2, and 3, representing the three
coordinates.Supposethat» is a new coordinatenormal to the surface
of a controlvolumethat surroundsa particularedge(outwardnormal
direction). To extend the method of characteristics to the three-
dimensional unstructured-grid solver, it is assumed that � ow in »
direction is approximately one dimensional and that the preceding
equations can then be transformed into

@p

@ t
C ¯

@u j

@»
»x j D 0 (6)

@u i

@t
C u j

@u i

@»
»x j C u i

@u j

@»
»x j C @p

@»
»xi D 0 (7)

where

»xi D
@»

@xi
; »x j D

@»

@ x j

In the t–» space as shown in Fig. 3, � ow variablesW at time level
n C 1 can be calculatedalonga characteristicsk usinga Taylorseries
expansion and the initial value at time level n.Wk ):

W D Wk C W» »t 1t C Wt 1t; Wt D [.W ¡ Wk /=1t] ¡ W» »t

A wave speed ¸k is introduced:

»t D ¸k »xi »xi

and the normal vector components are

nx j D »x j »xi »xi

Substitute components of Wt into Eqs. (6) and (7), and we have

1

»xi »xi

.p ¡ pk /

1t
¡ p» ¸k C ¯.u» nx C v» n y C w» nz/ D 0 (8)

1

»xi »xi

.u ¡ uk /

1t
¡ u» .¸0 ¡ ¸k / C u.u» nx C v» n y C w» nz/

C p» nx D 0 (9)

Fig. 3 Coordinates for t– .

1

»x j »x j

.v ¡ vk /

1t
¡ v» .¸0 ¡ ¸k / C v.u» nx C v» n y C w» nz/

C p» n y D 0 (10)

1

»x j »x j

.w ¡ wk /

1t
¡ w» .¸0 ¡ ¸k / C w.u» nx C v» n y C w» nz/

C p» nz D 0 (11)

where ¸0 is the contravariant velocity

¸0 D unx C vn y C wnz

To derivethe compatibilityequations,the spatialderivatives,such
as u» , v» , w» , and p» , have to be eliminated from the preceding
equations.With the use of the approachof Eberle11 for compressible
� ow equations,each of the precedingfour equationsis multipliedby
an arbitrary variable, and all of the resulting equations are summed
to form a new equation:

1

1t »x j »x j

A C p» B C u» C C v» D C w» E D 0 (12)

where

A D a.p ¡ pk/ C b.u ¡ uk / C c.v ¡ vk / C d.w ¡ wk/

B D ¡a¸k C bnx C cny C dnz

C D anx ¯ C b ¸0 ¡ ¸k C unx C cvnx C dwnx

D D an y¯ C bun y C c ¸0 ¡ ¸k C vn y C dwn y

E D anz¯ C bunz C cvnz C d ¸0 ¡ ¸k C wnz

and a, b, c, and d are the arbitrary variables used to multiply the
equations.We de� ne the coef� cients of the partial space derivatives
to be zero, that is, A, B, C , D, and E are zero. The following
equations are, thus, obtained:

A D a.p ¡ pk/ C b.u ¡ uk / C c.v ¡ vk / C d.w ¡ wk/ D 0 (13)

B D 0 (14)

C D 0 (15)

D D 0 (16)

E D 0 (17)

Equations (13–17) can be represented as a linear system 8X D 0
with X D fa; b; c; dg. Variablesa, b, c, and d are generally nonzero.
Thus, the system of equations has a nontrivial solution. This means
that det (8/ D 0, and we can derive the followingeigenvaluesbased
on this condition:

¸1 D ¸2 D ¸0; ¸3 D ¸1 D ¸0 C .¸0/2 C ¯ D ¸0 C c

¸4 D ¸2 D ¸0 ¡ .¸0/2 C ¯ D ¸0 ¡ c

For each eigenvalueor characteristicsspeed, characteristicequa-
tions can be derived from Eqs. (13–17). For example, for ¸k D ¸0,
we have

a D .bnx C cny C dnz/ ¸0

Substituting this into Eq. (13), we obtain

.bnx C cny C dnz/=¸0.p ¡ p0/ C b.u ¡ u0/

C c.v ¡ v0/ C d.w ¡ w0/ D 0
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that is,

b[nx .p ¡ p0/ C ¸0.u ¡ u0/] C c[n y. p ¡ p0/ C ¸0.v ¡ v0/]

C d[nz.p ¡ p0/ C ¸0.w ¡ w0/] D 0

For any b, c, and d, the preceding equations are always satis� ed.
Therefore, all of the terms in square brackets are zero. As a result,
we have

.u ¡ u0/n y ¡ .v ¡ v0/n x D 0 (18)

.v ¡ v0/nz ¡ .w ¡ w0/n y D 0 (19)

.u ¡ u0/nz ¡ .w ¡ w0/nx D 0 (20)

For ¸ D ¸1

p ¡ p1 D ¡¸1 .u ¡ u1/nx C .v ¡ v1/ny C .w ¡ w1/nz (21)

For ¸ D ¸2

p ¡ p2 D ¡¸2 .u ¡ u2/nx C .v ¡ v2/ny C .w ¡ w2/nz (22)

Finally, u, v, w, and p are determined using the preceding charac-
teristics equations (18–22):

u D f nx C u0 n2
y C n2

z ¡ v0nx n y ¡ w0n x nz

v D f n y C v0 n2
x C n2

z ¡ w0n y nz ¡ u0n y nx

w D f nz C w0 n2
x C n2

y ¡ u0nznx ¡ v0nzn y

p D p1 ¡ ¸1 nx .u ¡ u1/ C n y.v ¡ v1/ C nz.w ¡ w1/

or

p D p2 ¡ ¸2 nx .u ¡ u2/ C n y.v ¡ v2/ C nz.w ¡ w2/

where

c D .¸0/2 C ¯

f D 1=2c .p ¡ p0/ C nx .¸1u1 ¡ ¸2u2/

C n y .¸1v1 ¡ ¸2v2/ C nz.¸
1w1 ¡ ¸2w2/

Flow quantities at the (n C 1) time level obtained from the pre-
ceding equations on the characteristics are then used to calculate
convection � uxes at the control volume interface, whereas those on
different characteristics at the n time level are approximately eval-
uated by an upwind scheme using the signs of the characteristics:

W j D 1
2 [1 C sign.¸ j /]WL C [1 ¡ sign.¸ j /]WR

and WL and WR are obtained by the upwind-biased interpolation.

D. Time Integration
Finally, for a certain node p, Eq. (4) is discretized as

@

@ t
Wp1Vcv D R.Wp/ .23/

R.Wp/ D ¡
n edge

n D 1

[.Fc/i j ¢ n1S]n C 1
3

nb cell

i D 1

.Fvn1Sc/i C .St /p1Vcv

.24/

The spatiallydiscretizedequationsform a set of coupledordinary
differential equations that are integrated in time by means of an
explicitmultistageRunge–Kutta scheme.A generalm-stage scheme

to advance the solution from the nth time step to the next step can
be written as

W.0/ D Wn

W.1/ D W.0/ C ®1
1t

1Vcv

R.0/.W/

:::

W.m ¡ 1/ D W.0/ C ®m ¡ 1
1t

1Vcv

R.m ¡ 2/.W/

W.m/ D W.0/ C ®m
1t

1Vcv

R.m ¡ 1/.W/

W.n C 1/ D W .m/

For a � ve-stage scheme, the stage coef� cients are

®1 D 1
4
; ®2 D 1

6
; ®3 D 3

8
; ®4 D 1

2
; ®5 D 1

In the present code, the viscous � uxes are updated at every time
step. As an explicit scheme, the maximum time step is determined
by a stability criterion of the numerical method. Although it is im-
possible to derive an analytical stability conditionfor general three-
dimensionalproblems, the Courant–Friedrichs–Lewy (CFL) condi-
tion for hyperbolic equations can be used to derive such a condition
byanalyzinga linearizedmodel equation.This conditioncan thenbe
extendedapproximatelyto generalthree-dimensionalproblems.For
NS computationsusinganexplicitmultistageRunge–Kutta scheme,
the local time step size is estimated as

1t D CFL
1l

max.¸ j /
; j D 0; 1; 2

where the 1l length scale is associatedwith a node under consider-
ation. Normally, it is taken as the smallest height of all of the cells
sharing the node.

E. Implicit Residual Smoothing
The idea behind this is to replace the residual at one point of

the � ow� eld with a smoothed or weighted average of the residuals
at the neighboring points. The averaged residuals are calculated
implicitlyto increasethemaximumCFL number, thus increasingthe
convergencerate. Normally this procedure allows the CFL number
to be increased by a factor of 2 or 3. The smoothing equation for a
node k can be expressed as

NRk D Rk C ²±2 NRk (25)

where NR is the smoothed residual, R is the original residual, and ²
is the smoothing coef� cient:

² D max 1
4
[.CFL=CFL¤/2 ¡ 1]; 0:0

Here CFL¤ is the maximum CFL number of the basic scheme. The
solution to the preceding equations can be obtained on an unstruc-
tured grid by the Jacobi iterative method:

R.m/

k D R.0/

k C ²

numnod .k/

i D 1

NR.m/

i ¡ NR.m/

k

that is,

R.m/

k D
R.0/

k C ²
numnod .k/

i D 1
NR.m ¡ 1; m/

i

1 C ² ¢ numnod.k/

where numnod(k) is the number of neighboring nodes of node k.

F. Boundary Conditions
At the solid wall, slip (for inviscid � ows) or no-slip (for viscous

� ows) and no-injectionboundaryconditionsare imposed,that is, the
zero normal � uxes of mass, momentum, and energy are imposed.
In addition, the solid surface is assumed to be adiabatic, and the
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pressure gradient normal to the wall at the surface is considered to
be zero.

For a far-� eld or upstream boundary, the � ow velocity is given
directly, and gradients of variables are assumed to be zero.

G. Numerical Grid Generation
The grid generation process can be divided into the following

subprocesses:1) geometry de� nition, 2) surface grid and initial vol-
ume grid generation,3) point insertion, 4) clusteringof grid points,
and 5) smoothing of the grid.

Here, the geometry de� nition is done by a commercial CAD
system, and the surface and initial volume grid are generated by
using an edge swapping scheme.14 It is necessary to further modify
the initial grids. This will involve point insertion, clustering, and
smoothing of grids, all based on the edge swapping method.

The clusteringof grid pointsfor viscous� ow simulationis carried
out based on the distance of the point to a solid wall, that is, the
shortest distance to all of the wall nodes. A function f is de� ned as
an exponential function of the distance d :

f .d/ D 1= exp¯ [.d ¡ dd/=dd]

where dd is a length scale of the � ow� eld and ¯ is a constant less
than unit one. We introduce another function for a cell with an area
A (or a volume in three dimensions):

8 D A f .d/

Then the average of 8 over the � eld and its deviation can be calcu-
lated as follows:

N8 D
1
N

N

i D 1

8i ; ¾ D
N

i D 1

. N8 ¡ 8i /2 N

For any cells whose 8 is greater than N8 C ¾ , a point is inserted
to the center of its circumcircle or circumsphere and connected to
the vertices of the cell, and then the mesh is reconnected based on
the edge swapping algorithm.14

Similar to the implicit smoothing of the residual, the Laplacian
smoother is employed to redistribute the grid nodes r.x; y; z/:

Nrk D rk C ²±2 Nrk (26)

where Nr is the smoothed node coordinate vector, r is the original
vector, and ² is the smoothingcoef� cient.The solution to preceding
equations can be obtained on an unstructured grid by the Jacobi
iterative method:

r.m/

k D r.0/

k C ²

numnod .k/

i D 1

Nr.m/

i ¡ Nr.m/

k

that is,

r.m/

k D
r.0/

k C ²
numnod .k/

i D 1
Nr.m ¡ 1; m/

i

1 C ² ¢ numnod.k/

where numnod(k) is the number of neighboring nodes of node k.

IV. Results and Discussion

A. Flow Around a Cylinder
First, inviscid incompressible � ow around a cylinder with a uni-

form freestream velocity is calculated using the code developed.
Figure 4 shows the Euler grid used in the calculation, which has
2958 nodes and 5716 cells. The computed surface pressure is com-
paredwith the correspondingexact solution.As shown in Fig. 5, the
agreement is satisfactory.Fig. 6 shows the computed pressure con-
tours where symmetrical distribution is obvious. The convergence
history is illustrated in Fig. 7. With a CFL number of 0.8, more than
four order of magnitude of residual reduction is achieved in 8000
iterations. Note that the ¯ value for all of the cases considered in
this work is equal to unit one.

Second, viscous laminar � ow around a cylinder is also calculated
with a much denser grid to capture the basic � ow features near
the surface of the cylinder. The Reynolds number for this case is

Fig. 4 Numerical grid around a cylinder for Euler computation.

Fig. 5 Comparison of calculated and exact pressure distribution on
cylinder wall (Euler solution).

Fig. 6 Pressure contours (Euler solution).
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Fig. 7 Convergence history for inviscid � ow around a cylinder.

Fig. 8 Numerical grid around a cylinder for NS computation.

4 £ 101 with the same � ow conditions as in the study conductedby
Fornberg.15 The grid used is further re� ned using the grid stretch-
ing technique introduced earlier. As a result, the number of nodes
and cells are increased to 12,699 and 25,198, respectively.The � nal
grid is shown in Fig. 8. Again, the calculated pressure coef� cient
over the wall surface is compared with the corresponding result by
Fornberg15 in Fig. 9, which demonstrates a reasonable agreement.
Velocity vectors in the vicinity of the wake region are plotted in
Fig. 10a and compare favorably with results obtained by Connell
andBraaten16 usinga compressible� ow solver (Fig. 10b). Flow sep-
aration and the recirculation zone are well captured by the method.
When the Reynolds number is increased to 4:1 £ 101 , the result ob-
tainedis thencomparedwith a experimentallyobtainedvisualization
in Fig. 11 (see Ref. 17), which demonstratesa reasonableagreement
in terms of separationpoint, shape, and size of the separationbubble
behind the cylinder.

B. Flow Around a Sphere
Viscous incompressible � ow around a sphere is calculated by

the solver to validate the developed method for three-dimensional
viscous � ow simulation. The grid used has 240,503 nodes and
1,421,606 tetrahedral elements with mesh re� nement in the near-
wall region, as well as the rear of the sphere. Laminar � ows
at Re D 5:65 £ 101 and 1:18£ 102 are calculated, and they are
found to be axisymmetric. Figure 12 shows a comparison of the

Fig. 9 Pressure distribution on cylinder wall (NS solution); dot repre-
sents pressure calculated by the present solver, and solid line denotes
pressure by Fornberg.15

Fig. 10a Calculated velocity vectors.

Fig. 10b Velocity vectors computed by Connell.16
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Fig. 11a Calculated streamline patterns behind cylinder.

Fig. 11b Experimental visualization of the � ow.17

Fig. 12 Viscous � ow over a sphere at Re = 5 65 £ £ 102: comparison of
calculated streamlines with experimental visualization.17

Fig. 13 Viscous � ow over a sphere at Re = 1 18 £ £ 102: comparison of
calculated streamlines with experimental visualization.17

Fig. 14a Computationalgrid for the cavity.

calculated and measured streamline patterns in the x – y plane at
Re D 5:65 £ 101 , and Fig. 13 presents a similar comparison at
Re D 1:18 £ 102 . It is observed that the predicted streamline pat-
terns for both cases have good agreement with the corresponding
experimental visualizations.

C. Lid-Driven Flow in a Cavity
A lid-driven three-dimensionalcavity � ow with Re D 4 £ 102 is

� nally studied with the solver. Two schemes are used for compari-
son, one is the current third-order characteristics-basedscheme and
the other is a second-order central diference scheme with fourth-
order arti� cial viscositysimilar to that in Ref. 8. In this study, the ar-
ti� cial viscositycoef� ent also used is 0.0019.The computationalre-
sults obtainedare alsocomparedwith thatof a least-squares� nite el-
ementmethod (LSFEM)usingstructuredgrids.18 A gridwith 97,336
nodes and 455,625 tetrahedralelements is used with grid clustering
near the � ve cavity walls, which is shown in Fig. 14a. A conver-
gence history of the solution using the third-order characteristics-
based scheme is shown in Fig. 14b, indicatingfour ordersof residual
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Fig. 14b Convergence history.

Fig. 14c Comparison of result of current third-order characteristics-
basedscheme with thoseof second-ordercentral scheme and structured-
grid least-square � nite element solver.18

reduction in 6000 iterations.Note Fig. 14c, which shows a compar-
ison of the two schemes as well as the comparison of unstructured-
grid and structured-gridresults for the same test case. A structured
grid consisting of 50 £ 52 £ 50 (130,000) elements and nodes was
used in the LSFEM simulation. The u velocity pro� les along the
vertical centerline of the cavity, stretching from the bottom wall to
the top of the cavity, are displayed.The velocitypro� le of the third-
order characteristics-basedscheme is found to agree well with that
of the LSFEM given the lower number of nodes used than in the
latter. The second-order scheme seems to smear the pro� le in re-
gions of large gradients, thus indicating that even when a very small
viscosity coef� cient is used, the second-order central scheme with
fourth-orderarti� cial viscosity is more diffusive(less accurate) than
the third-order scheme.

V. Conclusions
This paper presents an algorithm for numerical simulation of in-

compressible � ows on three-dimensional unstructured grids. It is
an upwind � nite volume method based on the method of charac-
teristics, which is made possible with the introductionof Chorin’s3

arti� cial compressibilityformulation.Flow variablesare calculated
along characteristics,and their initial values are interpolated based
on the signs of the corresponding characteristics. In addition, an
upwind-biasedinterpolationmethod of third-orderaccuracy is used
for interpolating � ow variables on unstructured grids. With these
inherent upwinding techniques for evaluating convection � uxes at

control volume surfaces, no arti� cial viscosity is required. The dis-
cretizedequationsare solvedby an explicitmultistageRunge–Kutta
time-steppingscheme,which is found to be ef� cient in terms of CPU
and memory overheads.A computer code has been developedusing
the numericalmethods presented.A number of test cases, including
two-dimensional inviscid/viscous � ows and three-dimensional in-
viscid/viscous� ows, havebeencalculatedto validate thecode and to
evaluate the performanceof the numerical algorithm.Numerical re-
sults obtained are in good agreement with exact solutions and other
published experimental and/or numerical results. The convergence
rate of numerical simulation is generally found to be satisfactory,
and the third-ordercharacteristics-based scheme is found to be more
accuarate than the second-order central scheme.
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